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I.   Introduction 

  The well known Banach fixed point theorem for 

contraction mapping has been generalized and extended 

in many direction. Acharya[1], Mishra and Singh[2], 

Turkoglu and  Fisher[3],have given many interesting 

results of fixed point theory in uniform space. Our results 

generalize the corresponding result of Badshah and 

Sharma[4].Since the uniform space form a natural 

extension of the matric space.there exists considerable 

literature of fixed point theory dealing with results on 

fixed point or common fixed points in uniform 

spaces(see for ex.[5]-[9]). 

 

II.   Definition 

 
II.1.Definition 1.1[4] 

 

  A uniformity for a set X is a non-void family U of  

substs of  XX ×  such  that: 

 

(1.1.1)  each member of U contains the diagonal   ∆ , 

(1.1.2) if Uu ∈   then  Uu ∈−1
 , 

(1.1.3) if  Uu ∈   then  Uvv ⊆o , for some Uv ∈     

(1.1.4) if u and v are members of  U    , then Uvu ∈∩  

and  

(1.1.5) if Uu ∈ and XXvu ×⊆⊆ , then  Uv ∈ . 

        

   The pair ( )UX ,   is called a uniform space.  

 

 

    
II.2. Definition.1.2 [3] 

 

  Let ( )UX ,  be a uniform space.   family { }Iid i ∈:  of 

pseudometric on X with indexingset I , is called an 

associated family for the            uniformity U  if the 

family  

           
( ){ }0;:, >∈= εεβ IiiV , 

Where, 

 

    
( ) ( ) ( ){ }εε <∈= yxdXyxyxiV i ,,,:,,  

is the sub-base for the uniformity U .We may assume that 

β  itself is a base by  adjoining  finite intersection of 

members of β ,if necessary. The corresponding family 

of pseudometric is called an associated family for U .An 

associated family for U  will be denoted by
*

p . 

 

II.3.Definition1.3 [4] 

 

  Let A  be a nonempty subset of a       uniform space 

X .Define 

           
( ) ( ){ }IiAyxyxdA i ∈∈=∆ ,,:,sup* , 

           Where  

                      { } *: pIid i =∈ , 

 Then 
*∆   is called an augmented diameter of A .              

Further, A  is said to be 
*

p - bounded if ( ) ∞<∆ A
* .     
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IV.4.Definition.1.4 [3] 

 

  Let 2
X
 = {A: A is a nonempty,  Closed  and p

*
-bounded 

subset of X}. For any nonempty subsets A and B of X , 

define  

( ) ( ){ } IiAaaxdAXd ii ∈∈= ,:,inf,  

( ) ( ) ( )






=

∈∈

bAdBadBAH i
Bb

i
Aa

i ,sup,,supmax,  

  ( ) ( ){ }BxdAxd ii
Xx

,,sup −=
∈

. 

It is well known that on 
i

X
H,2  is a pseudometric, 

called the Hausdorff pseudometric induced by Iid i ∈, . 

 

V.5.Definition.1.5 [3] 

 

  Let ( )UX ,  be a uniform space with an augmented 

associated family
*

p .
*

p  also induces a uniformity 
*

U  

on 
X2  defined by the base  

           
( ){ }0,:,** >∈= εεβ IiiV , 

Where 

           

( ) ( ) ( ){ }εε <∈= BAHBABAiV i

X ,,2,:,,* . 

The space ( )*,2 UX  is a uniform space called the 

hyperspace of ( )UX , . 

 

VI.6.Definition.1.6 [3] 

 

  The collection of all filters on a given set X  is denoted 

by ( )Xφ . An order relation is define on ( )Xφ  by the 

rule 
21 FF <  if

21 FF ⊃ . If FF <*
, then 

*F is called a 

sub-filter of F . 

 

VII.7.Definition.1.7 [3] 

 

  Let  ( )UX ,  be a uniform space defined by 

{ } *: pIid i =∈ .If  
X

XF 2: →  is a multivalued 

mapping, then  

 

(i) Xx ∈  is called a fixed point of F if Fxx ∈ . 

 

(ii) An orbit of F  at a point Xx ∈0 is a sequence 

{ }nx given by  

             ( ) { },...2,1,:, 10 =∈= − nFxxxxFO nnn
 ; 

 

 (iii) A uniform space X is called F -orbitally complete    

if every Cauchy filter which is a subfilter of an orbit of  

F  at each Xx ∈ converges to a point of X . 

 

 

 

VIII.8.Definition.1.8 [3] 

 

  Let  ( )UX ,  be a uniform space and let XXF →: be 

a mapping. A single valued mapping F  is orbitally 

continuous if lim ( ) uxT in =
 
implies  ( ) TuxTT in =

 
for 

each Xx ∈ . 

 

III.   Main Results 

  
III.1.Theorem.1.1 

 

  Let ( )UX ,  be an F -orbitally complete Hausdorff 

uniform space defined by { } *: pIid i =∈ and 

( )*,2 UX
 a hyperspace and let X

XF 2: →  be a 

continuous mapping with Fx compact for 

each Xx ∈ Assume that  

( ) ( ) ( ){ }r

i

r

ii

r

i FyydFyydFxxdFyFxH ,,),(,,,min
1−  

( ) ( )









),(

),(),(
,

),(

,,
min

yxd

FxydFyFxd

yxd

FxydFyxd
a

i

ii

i

ii

i
 

                   

1),(
),(1

),(1
),(),(),( −


















+

+
++≤ r

i

i

i

iiiiii Fyyd
yxd

Fyxd
FxydeyxdcFxxdb

 
                                            …(1) 

 For all Ii ∈ and ,, Xyx ∈ where 1≥r  is an 

integer
iiii ecba ,,,  are real numbers such that 

 0 then F  has a fixed point.  

 

Proof:  Let 
0

x be an arbitrary point in X  and consider 

the sequence { }nx  defined by  

                ,......,, 11201 −∈∈∈ nn FxxFxxFxx
 

 

Let us suppose that ( ) 0, >nni Fxxd  for each Ii ∈  

and ,...2,1,0=n  Let UU ∈'
 be an arbitrary entourage. 

Since β  is a base forU , there exists ( ) βε ∈,iV  such 

that ( ) ', UiV ⊆ε . Now ( )yxdy i ,0→  is continuous on 

the compact set 0Fx  and this implies that there exists 

01 Fxx ∈  such that ( ) ( )0010 ,, Fxxdxxd ii = . Similarly, 

1Fx  is compact so there exists 12 Fxx ∈  such 

that ( ) ( )1121 ,, Fxxdxxd ii = . Continuing, we obtain a 

sequence { }nx  such that nn Fxx ∈+1  

and ( ) ( )nninni Fxxdxxd ,, 1 =+
. 
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For ,1−= nxx  and 
nxy =  by the condition (1), we have     

( ) ( ) ( ){ }r

nni

r

nninni

r

nni FxxdFxxdFxxdFxFxH ,,),(,,,min 1

1111

−

−−−−

( ) ( )









−

−−

−

−−

),(

),(),(
,

),(

,,
min

1

11

1

11

nni

nninni

nni

nninni

i
xxd

FxxdFxFxd

xxd

FxxdFxxd
a   

1

1

1
1111 ),(

),(1

),(1
),(),(),(

−

−

−
−−−−





















+

+
++≤ r

nni

nni

nni
nniinniinnii Fxxd

xxd

Fxxd
FxxdexxdcFxxdb  

   Since ( ) 11 ,0, −− ∈= nnnni FxxFxxd , hence we have  

{ }1

111 ),(),(,),(min −
+−+

r

nninni

r

nni xxdxxdxxd ≤  

[ ] 1

111 ),(),(),(
−

+−− + r

nninniinnii xxdxxdcxxdb  

                                                                                                                                                                   

It follows that-: 

{ }1

111 ),(),(,),(min −

+−+

r

nninni

r

nni xxdxxdxxd ≤                 

[ ] 1

11 ),(),()( −
+−+ r

nninniii xxdxxdcb  

Since 
1

1,1 ),(),( −
+−

r

nninni xxdxxd ≤

[ ] 1

11 ),(),()(
−

+−+ r

nninniii xxdxxdcb  is not possible  

(as ),10 <+< ii cb we have 

≤+
r

nni xxd ),( 1 [ ] 1

11 ),(),() −
+−+ r

nninniii xxdxxdcb
 

≤+
r

nni xxd ),( 1
 ),(),( 11 +− nninnii xxdxxdk  

 

 Where, 

                      
ii cbk +=              10 << ik  

  Proceeding in this manner, we get 

( ) ( )nniinni xxdkxxd ,, 11 −+ ≤  

                    
( ) ( )1012

2
,..., xxdkxxdk i

n

innii ≤≤≤ −−
. 

         Hence, we obtain  

        

( ) ( ) ( ) ( )
mminninnimni xxdxxdxxdxxd ,...,,, 1211 −+++ +++≤  

                             
( ) ( )10

11
,... xxdkkk i

m

i

n

i

n

i

−+
+++≤  

                                         

( ) ( )10

1
,...1 xxdkkk i

nm

ii

n

i

−−
+++≤    

                                ( )10 ,
1

xxd
k

k
i

n

i

−
≤ . 

Since 0lim =
∞→

n

i
n

k , it follows that there exists ( )ε,iN  

such that ( ) ε<mni xxd ,  and hence ( ) ', Uxx mn ∈  for 

all ( )ε,, iNmn ≥ . Therefore the sequence { }nx  is a 

Cauchy sequence in the id -uniformity on X. 

 

Let { }pnxS np ≥= :  for all positive integers 

p and let β  be the filter basis{ },...2,1: =pS p
. Then 

since { }
n

x is a 
i

d  -Cauchy sequence for each Ii ∈ , it 

is easy to see that the filter basis β  is a Cauchy filter in 

the uniform space ( )UX , . To see this, we first note that 

the family ( ){ }IiiV ∈:,ε  is a base for U as 

{ }Iidp i ∈= :* . Now since { }nx  is a 
id  -Cauchy 

sequence in X, there exists a positive integer p  such that 

( ) ε<mni xxd ,  for pnpm ≥≥ , . This implies 

that ( )ε,iVSS pp ⊆× . Thus, given any UU ∈'
,we 

can find an β∈pS  such that '
USS pp ⊂× .Hence β  

is Cauchy filter in ( )UX , . Since ( )UX ,  is F-orbitally 

complete and Hausdorff space, zS p →  for 

some Xz ∈ . Consequently, ( ) FzSF p → . Also 

              
( ) { }pnFxSFS npp ≥∪=⊂+ :1

 

For ...,2,1=p it follows that Fzz ∈ .Hence z is a 

fixed point of  F . This completes the proof.  

If we take 1=r in Theorem .1, then we obtain the 

following theorem. 

 

III.2.Theorem1.2 

   

  Let ( )UX ,  be an F-orbitally complete Hausdorff 

uniform space defined by { } *: pIid i =∈  and ( )*,2 UX   

 

a hyperspace and let 
X

XF 2: →  be a continuous 

mapping with Fx  compact for each Xx ∈ .Assume 

that  

 

( ) ( ) ( ){ }FyydFxxdFyFxH iii ,,,,,min   

 

( ) ( )









),(

),(),(
,

),(

,,
min

yxd

FxydFyFxd

yxd

FxydFyxd
a

i

ii

i

ii
i

 

                     


















+

+
++≤

),(1

),(1
),(),(),(

yxd

Fyxd
FxydeyxdcFxxdb

i

i

iiiiii
.(2) 

 

For all Ii ∈ and ,, Xyx ∈ where  are real 

numbers such that ,then F has a fixed 

point.   

 

We denote that if F is a single valued mapping on X, then 

we can write   

                 

                      ( ) ( ) IiXyxFyFxHFyFxd ii ∈∈= ,,,,, . 

 

Thus we obtain the following theorem as a consequence 

of the Theorem (2). 

 

 

( ) ( )









),(

),(),(
,

),(

,,
min

wzd

TzwdTwTzd

wzd

TzwdTwzd
a

i

ii

i

ii

i



International Journal of advancement in electronics and computer engineering (IJAECE)         

                                              Volume 3, Issue 4, July 2014, pp.313-316, ISSN 2278 -1412 

 Copyright © 2012: IJAECE (www.ijaece.com) 

 

 

[316] 

 

III.3.3Theorem 1.3 

 

   Let ( )UX ,  be a  -orbitally complete Hausdorff 

uniform space let XXT →:  be a  orbitally 

continuous mapping satisfying 

 

( ) ( ) ( ){ }TyydTxxdTyTxd iii ,,,,,min

 
 

( ) ( )









),(

),(),(
,

),(

,,
min

yxd

TyydTyTxd

yxd

TxydTyxd
a

i

ii

i

ii
i

 

                      


















+

+
++≤

),(1

),(1
),(),(),(

yxd

Tyxd
TxydeyxdcTxxdb

i

i

iiiiii

 
                                                                            …(3) 

 

for all Ii ∈ and ,, Xyx ∈  where  are real 

numbers such that , then  has a fixed 

point and which is unique whenever  

 

Proof-:  Define a mapping  of  into  by putting 

 for all  in It follows that  satisfies the 

condition of Th.2. Hence  has a fixed point. 

Now if , we show that  has a unique 

fixed point.Assume that  has two  fixed point  and  

which are distinct.Since  and 

, then by the condition (3), 

 


















+

+
++≤

),(1

),(1
),(),(),(

wxd

Twxd
TzwdewzdcTzzdb

i

i

iiiiii

( ) ( )









),(

),(),(
,

),(

,,
min

wzd

zwdwzd

wzd

zwdwzd
a

i

ii

i

ii

i


















+

+
++≤

),(1

),(1
),(),(),(

wxd

wxd
zwdewzdczzdb

i

i

iiiiii

 

 

{ }),(),,(min zwdwzda iii
≤  ),()( wzdec iii +

 

 

),( wzda ii
 ≤   ),()( wzdec iii +

 

 

),( wzd i
 ≤    ),(

)(
wzd

a

ec
i

i

ii +
 

This is impossible. Thus if  Then  has 

a unique fixed point in . This completes the proof. 
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