International Journal of advancement in electronics and computer engineering (IJAECE)

Volume 3, Issue 4, July 2014, pp.313-316, ISSN 2278 -1412

Copyright © 2012: IJAECE (www.ijaece.com)

A Fixed Point Theorem for Multivalued Mapping in Uniform
Space

Bijendra Singh', GP.S Rathore?, Priyanka Dubey’ ‘Naval Singh*
! Professor & Dean,School of Studies in Mathematics, Vikram University, Ujjain;
2.Sr.Scientist, K.N.K Horticulture College,Mandsaur(M.P);
*Research Scholar, School of Studies in Mathematics, Vikram University, Ujjain' (M.P);
* Govt.Science and Commerce College,Benazeer,Bhopal,(M.P);

Abstract — The aim of this paper to prove a fixed point theorem for multivalued mapping in
orbitally complete Hausdorff uniform space and hyperspace. These results generalize several

corresponding relations in uniform space.

Keywords: Fixed point, uniform space, multivalued mapping, orbitally complete,

I. Introduction

The well known Banach fixed point theorem for
contraction mapping has been generalized and extended
in many direction. Acharya[l], Mishra and Singh[2],
Turkoglu and Fisher[3],have given many interesting
results of fixed point theory in uniform space. Our results
generalize the corresponding result of Badshah and
Sharma[4].Since the uniform space form a natural
extension of the matric space.there exists considerable
literature of fixed point theory dealing with results on
fixed point or common fixed points in uniform
spaces(see for ex.[5]-[9]).

II. Definition

11.1.Definition 1.1[4]

A uniformity for a set X is a non-void family U of
substs of X X X such that:

(1.1.1) each member of U contains the diagonal A s
(11.2)if ue U then u'elU ,
(1.1.3) if ue U then voyc U, forsome ve U

(1.1.4) if u and v are members of U ,then u "ve U

and
(115 ifueUand u cvc X x X .then VE U .

The pair ( X, U ) is called a uniform space.

I1.2. Definition.1.2 [3]

Let (X, U) be a uniform space. family {d,:ie I} of

pseudometric on X with indexingsetl , is called an
associated family for the uniformity U if the
family
B={Vli.e):ie I,e >0},
Where,

Vii,e)={(x.y):x.ye X,dl.(x,y)< €}
is the sub-base for the uniformity ¢y .We may assume that
B itself is a base by adjoining finite intersection of
members of B ,if necessary. The corresponding family
of pseudometric is called an associated family for U .An

associated family for U will be denoted by p* .
I1.3.Definitionl.3 [4]

Let A be a nonempty subset of a uniform space

X Define
A (A)=sup{d.(x,y):x,ye A,ie I},
Where
{dl. ciel}=p",
Then A s called an augmented diameter of A .

Further, A is said tobe p’ - bounded if A"(A) < o .

[313]
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1V.4.Definition.1.4 [3]

Let 2¥ = {A: A is a nonempty, Closed and p*-bounded

subset of X}. For any nonempty subsets A and B of X ,
define

d.(X,A)=inf{d,(x,a):ae A}lie I

supd, (a, B), sup di(A,b)}

acA beB

- sxll)l()ﬂdi(x’A)_di(x’ BM}

H,(A,B)= max{

It is well known that on 2X, H ; 1s a pseudometric,

called the Hausdorff pseudometric induced by d Liel.

V.5.Definition.1.5 [3]

Let (X U ) be a uniform space with an augmented
associated family p* . p* also induces a uniformity U ’

on 2% defined by the base
B ={i¢e:iele>0}
Where

v (i.e)={(A.B): A, Be 2*,H (A, B)< €}.

The space (2X,U ) is a uniform space called the
hyperspace of (X ,U).

VI.6.Definition.1.6 [3]

The collection of all filters on a given set X is denoted
by ¢(X ) An order relation is define on ¢(X ) by the

e F < F, if FF O F,. 1F" <F, then F is called a
sub-filter of F' .

VII.7.Definition.1.7 [3]

Let (X ,U ) be a uniform space defined by

{di vielf=p"If F:X —2% is a multivalued
mapping, then

(i) x€ X iscalled a fixed point of F'if xe Fx.

(i) An orbit of F' at a point x, € X is a sequence

{xn } given by

O(F,xo)z {x” ix, € Fx, ,n= 1,2,..};

n—-1°
(iii) A uniform space X is called F -orbitally complete

if every Cauchy filter which is a subfilter of an orbit of
F ateach x € X converges to a point of X .

[314]
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VIII1.8.Definition.1.8 [3]

Let (X, U) be a uniform space and let F : X — X be
a mapping. A single valued mapping F is orbitally
continuous if lim \T" x |=u implies T\T'"x)=Tu for
eachxe X .

III. Main Results

111.1.Theorem.1.1

Let (X , U ) be an F -orbitally complete Hausdorff

defined by {d,. cieI}=p and

(ZX, U*) a hyperspace and let F:X —2* be a

mapping with
each x € X Assume that

min{H, (Fx, Fy)’.d, (x. Fx)d, (y. Fy)"™ d,(y. Fy) }+

4, min {d,. (x,Fy)d.(y,Fx) d,(Fx,Fy)d,(y, Fx)}

I+d,(x Fy

d,(x,y) di(x,y)
<| bd (x Fy+cd (x ) +ed (5 F. (. Fy™
1+d (x,y)

For all r>1

ie land x,ye X,where
integera,,b,,c,,e; are real numbers such that

uniform  space

continuous Fx compact  for

is an

0= b; + c; = 1then F has a fixed point.

Proof: Let X, be an arbitrary point in X and consider
the sequence {xn} defined by

x € Fxy,x,€ Fx,...x, € Fx

n—loe*

Let us suppose that di(xn,Fxn)>O for each ie [
andn=0,1,2,... Let U € U be an arbitrary entourage.
Since [ is a base forU , there exists V(i,€)€ p such
thatV(i,e)cU . Now y —d, (xo, y) is continuous on
the compact set FXx, and this implies that there exists
x, € Fx, such thatd, (xo, xl)z d, (xo, Fxo). Similarly,
Fx, is compact so there exists X, € Fx; such
thatdi(xl,x2)=di(xl,Fxl). Continuing, we obtain a
i}

andd,(x,,x,,)=d,(x,,Fx,)-

sequence such that x, ., € Fx,
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For x=x

n-1°

and y = x, by the condition (1), we have
mirl, (P, P, o (5,0 F%,0 ), 5, P )7, P )

|dlx . Fydlx,Fy,) dFy, Fydc,Fy,)

g mif+- p
[(X,45%,) d(x,,,x,)
LG . .
SM%JWWMMWMW%ﬁﬁzj%%@

Sinced, (x,,Fx, ,)=0,x, € Fx, ,» hence we have
min{di (xn ’ xn+l )" 4 di (xn—l 4 xn )dl (xn 4 xn+l )"’1 } S
[bidi (x5, +¢d (x,,x, )]di (%5 %011 )"

It follows that-:

min{di (xn ’ xn+l )r 2 di (xn—l 2 xn )dz (xn ’ xn+l )"_1 } S
&, +¢)d, (x,x) M (x5,

Since

di (Xn_l ,xn )d, (x’k s xn+1 )r—l S

[(bi +¢)d (x,,x, )]dz (X5 %, )H is not possible
(as 0< b, +c, <1),we have

d.(x,,x,.) <|b+c)d.(x, . x)M (x,,x,.)"

di ('xn"xn+l)r < k[d[(xnfl ’xn )di(xn’an)

Where,
k=b,+c, 0<k; <1
Proceeding in this manner, we get
d; (xn > Xl )< kid, (xn—l Xy )
<kld(x, ,.x, )< .. <k"d(x,.x,)-
Hence, we obtain

di(‘xn’xm)sdi(‘xn’an)+di(‘xn+l’xn+2)+"'+di(‘x X, )

m=1>"m

< (k,." SR X )d,. (%, x,)

<k (1 Y S )d[ (x,.x,)
i
1-k
Since lim kin =0, it follows that there exists N (i,S )

n—>o0

<

di(x()’xl)'

such that d, (xn VX, )< & and hence (x,,x,)eU for
all nm=N (i,é‘). Therefore the sequence {xn} is a

Cauchy sequence in the d, -uniformity on X.

Let § p = {xn n2 p} for all positive integers
pand let B be the filter basis {SP : p:l,z’“.}. Then
since {Xn }is ad ; -Cauchy sequence for eachi€ I , it

is easy to see that the filter basis ,3 is a Cauchy filter in

the uniform space (X U ) To see this, we first note that
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the family {V(i,é‘): ie I} is a base for U as
p"={d,:ie I}. Now since {xn} is a d, -Cauchy
sequence in X, there exists a positive integer p such that
d, (x X )< e for implies

X m2p,n2p. This
that§ xS gV(i,g). Thus, given any U € U ,we
can find an Sp S ,B such that Sp XS], c U’ Hence ,3
is Cauchy filter in (X,U). Since (X,U) is F-orbitally
complete and  Hausdorff space, §, 6 —z for
some Z € X . Consequently, F(Sp ) — Fz. Also
S,uC F(Sp)zu{Fxn :n>p}
For p =1,2,...it follows that z€ Fz .Hence Zis a

fixed point of F' . This completes the proof.
If we take 7 =1in Theorem .1, then we obtain the
following theorem.

111.2.Theoreml.2

Let (x,u) be an F-orbitally complete Hausdorff

. di(z,Tw)di(w,Tz) d,(Tz,Tw)d,(w,Tz)
a, min
d,(z,w) d,(z,w)
uniform space defined by {dl. sieI}=p" and (2X ,U*)

a hyperspace and let F:X — 2% be a continuous

mapping with Fx compact for each x € X .Assume
that

min{H, (Fx, Fy).d, (x, Fx).d,(y, Fy)}+

%mﬁiwﬁﬂbﬁﬂiwuwﬂxﬁ?
d,(x,y) d.(x,y)

< {b,.di (x, Fx)+c,d;(x,y)+ed, (y, Fx){l"' d(x, Fy)H .(2)
1+d,(x,y)

For all ie [ and x,y€ X, where ;, by.c., e are real

numbers such that 0 < b; + ;< 1then F has a fixed
point.

We denote that if F is a single valued mapping on X, then
we can write

d.(Fx,Fy)= H,(Fx,Fy),x,ye X,ieI.

Thus we obtain the following theorem as a consequence
of the Theorem (2).

[315]
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111.3.3Theorem 1.3

Let (X,U) be aT -orbitally complete Hausdorff

uniform space let 7:X — X be a T orbitally
continuous mapping satisfying

min {d, (Tx, Ty ), d, (x,Tx ). d,(y,Ty )} +

a_mm{dl.(x,Ty)d,.(y,Tx) d,.(Tx,Ty)d,.(y,Ty)}
' di(X,)’) di(x’y)

< {b,.d,. (T +ed () +ed,(y, Tx){Hdi(x,Ty)H
1 + di (X, )’)
.3)

for all ie I and x,y€ X, where a;, b;.c;e; are real

numbers such that 0 = &; +5; < 1, then T has a fixed
point and which is unique whenever a; = ¢; +&; = 0

Proof-: Define a mapping # of X into Z* by putting
E., ={T,} for all x inX.It follows that F satisfies the
condition of Th.2. Hence T has a fixed point.

Now if o; = z; + 5; = 0, we show that I' has a unique
fixed point.Assume that T has two fixed point z and w
which  are distinct.Since dilz. T, ) =1( and
d;{w,T,) = U, then by the condition (3),

. {d,. (z,Tw)d,. (W,TZ) d,(Tz,Tw)d, (W,TZ)}
a, min
d.(z,w) d.(z,w)

1+d,(x,w)

. {di (Z’ W)di (W, Z) d.(z,w)d,(w, Z)}
a. min
l d;(z,w) d,(z,w)

1+d,(x,w)

a, min{d, (z,w),d,(w,2)} < (c, +¢€,)d,(z,w)

a,d,(z,w) < (c,+e)d,(z,w)

Mdi(z,w)
a.

i

d,(z,w) <

This is impossible. Thus if @ = ¢; + &; = 0. Then T has
a unique fixed point in £. This completes the proof.
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