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Abstract – We have incorporated the translational rotational (TR) coupling effects in the 
framework of three body force shell model (TSM) to develop an extended TSM (ETSM). This 
ETSM has been applied to reveal the second order elastic constants (C11, C12 and C44) in the dilute 
regimes 0≤ x ≤ 0.47 as a function of temperature for 10K≤T≤300K. The anomalous elastic 
behavior in C44 below 100 K has been depicted well by ETSM results in the orientationally 
disordered (ND4I)x(KI)1-x mixed crystals. In order to present a visual comparison of the TR-
coupling effect on second order elastic constants, we have evaluated the SOECs with and without 
TR coupling term in ETSM. Besides third order elastic constants have also been studied and 
discussed for concentration range 0≤x≤0.47 as a function of temperature for 10K≤T≤300K. 
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I. Introduction 
In the past few years, an enormous amount of research 

has been devoted to investigate the static and dynamic 
behavior of the mixed molecular crystals. These mixed 
crystals exhibit an orientational glass state at low 
temperatures. They represent a new class of disordered 
solids which serve as a conceptual link for an 
understanding of dynamic processes in glasses [1, 2]. 
ND4I is the deuterated isomorphs of NH4I.  When the 
tetrahedral ND4

+ molecules in ammonium iodide are 
statistically diluted by spherical K+ ions, the mixed 
crystals (ND4I)x(KI)1-x exhibit an orientational glass state 
at low temperatures[3]. It is well known that mixed 
crystals (ND4I)x(KI)1-x possess rocksalt (NaCl) structures 
at room temperature and over certain concentration (x) 
range. This NaCl phase is characterized by a dynamical 
disorder of the ND4 molecules. Below the critical 
concentration xc=0.55, the cubic order of the center of 
mass lattice is preserved for all the temperatures and a 
freezing transition of orientational degrees of freedom is 
found. The neutron scattering experiments and infrared 
spectroscopy revealed a quasielastic line width indicating 
the existence of orientational glass (OG) state in 
(ND4I)x(KI)1-x. mixed crystals. In the dynamically 
disordered phase, distortions are introduced due to non-
equivalence of N-D bonds, which induce elastic 
quadrupolar moments of ND4

+ions in (ND4I)x(KI)1-x 
mixed systems. Although the average symmetry of these  

 
 

crystals is cubic, but the orientational disorder locally 
breaks the cubic symmetry and anomalous softening of 
sheer elastic constant C44 is observed. The reason for the 
same has been attributed to the coupling of rotator 
function to long wavelength acoustic displacements, 
popularly known as the translational-rotational (TR) 
coupling [3-7]. 
 
Singh and Gaur [8] incorporated the effects of TR 
coupling in the framework of a realistic three body force 
shell model (TSM) [9] to develop ETSM. It has been 
applied successfully by Gaur et.al. to explain the elastic, 
thermal and dynamical properties of the orientationally 
disordered alkali cyanides, their mixed crystal 
counterparts, sodium superoxide, ammonium halides and 
ammonium-alkali halide mixed crystals [10-16]. The 
present theoretical approach is motivated from the 
versatility and considerable success of the ETSM, we 
have thought it pertinent to apply this ETSM to 
investigate the temperature dependence of the second 
order elastic constants of (ND4I)x(KI)1-x. In addition, 
ETSM has been applied to calculate the third order 
elastic constants for understanding the anharmonic 
behaviour of (ND4I)x(KI)1-x. 

 
The essential formulation of the present model is given in 
the next section and the results obtained by us are 
presented and discussed in the subsequent section. 
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II. Formulation of ETSM 
The interionic interaction potential of ETSM has been 

expressed as [8]- 
 

 
 
Here, k(k’) denote the positive (negative) ions and 

sum is taken over all the (kk’) ions. In the above 
expression, the first two terms represent the long-range 
Coulomb and three body interactions (TBI) [9]. The third 
and fourth terms are the additional van der Waals (vdW) 
attraction terms due to the dipole–dipole (d-d) and 
dipole–quadrupole (d–q) interactions [17]. The fifth term 
is the Hafemeister and Flygare (HF) type short-range 
(SR) overlap repulsion [18] extended upto the second 
neighbour ions. βkk’ are the Pauling coefficients. The last 
term, ΦTR is the new contribution due to the translation-
rotational (TR) coupling. The TR coupling coefficients 
are obtained on the lines of Sahu and Mahanti (19, 20). 
The expressions for TR coupling coefficients are given a 
little later. Here, b and ρ are the hardness and range 
parameters. 

The TR coupling effects have been introduced through 
the second order elastic constants (SOECs) derived from 
the Eq. (1) and expressed as [8]- 

 
TR
ijijij CCC  0

                                                (2)    

 with 
0
ijC

 as their unrenormalized values and 
TR
ijC

are the TR coupling contributions to the SOECs. 

For the calculation of
TR
ijC

, we have used the 
expressions as given in ref. [21].                                     
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Here, a is the lattice constant. The effective coupling 
constants Aeff and Beff are given by- 

 
Aeff =AR+AQ       and      Beff = BR +BQ                  (6) 
 
with AR and BR as the parameters associated with the 

short-range repulsive interactions and AQ and BQ are 
associated with the quadrupole electric field gradient 
interaction given by Michel and Naudts [20] and Sahu 
and Mahanti [23] as- 

AR = √5π (b/ρ) (d2+a2) -1/2 [a(3f2–f0) +d(f1 –3f3)]     (7) 
 
BR=-√30π (b/ρ) (d2+a2)-1/2[d (f1–3f3)]                      (8) 
 
with 
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Where 
 
        h= (1/ρ) (d2+a2)1/2       and    g=2da/ (d2+a2)   
 
The various symbols appearing in the above eqns. (3) to 
(9) are explained in ref. [23]. The quadrupole electric 
field gradient interaction AQ and BQ and the SR repulsive 
interaction parameters AR and BR are calculated using 
their expressions from [23] and the method [10]. The 
calculated values of these parameters and the vdW 
coefficients are listed in Table 1. The susceptibility χ11 is 
related to C11 and C12 through Aeff, while χ44 is related to 
C44 through Beff. The computed results on the elastic 
constants (C11, C12, C44) of (ND4I)x(KI)1-x are presented 
and discussed below. 

III. Results and Discussion 
The values of the vdW coefficients (Ckk’ and dkk’) and 

their overall coefficients (C, D) for ND4I and KI have 
been evaluated by us using their expressions reported 
elsewhere [17]. Their estimated values are listed in Table 
1 and used to compute their values for the mixed crystals 
(ND4I)x(KI)1-x applying the Vegard’s law [24]. The 
model parameters (b,f(r)) have been evaluated from the 
equilibrium condition and using the input data (ro, B) 
from Table 2 and the values of vdW and TR-coupling 
coefficients listed in Table 1. The values of the model 
parameters thus obtained have also been depicted in 
Table 2. The values of the first and second order space 
derivatives of f(r) have been evaluated from the relation 
[25] 

 
f(r) = fo exp (-r/)                                            (10) 
 

The novelty in our calculations lies in the fact that we 
have not used those properties as the input data which are 
intended for the prediction. In order to obtain such input 
data at different temperatures, we have used the thermal 
expansion relation. Also, we have obtained the values of 
the counterparts mixed crystal at different concentrations 
(x) by applying the well known Vegard’s law [24]. 
Experimentally determined values of r0 at various 
concentrations have been used [5]. Using the expressions 
given in [12], we have computed the values of the second 
order elastic constants (C11, C12 and C44) as a function of 
temperature 10K<T<300K for dilute regimes 0≤x≤0.47.  
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TABLE I 
The van der Waals coefficients (ckk and dkk in the units of 10-

60erg/ cm6 and 10−76erg/ cm8, respectively) of ND4I & KI and 
TR coupling parameters of ND4I at 300K. 

 
TABLE II 

The input data [r0,B(1010dyn.cm2)] and the model parameters 
for (ND4I)x(KI)1-x at 300K. 

a-ref. [5] 
While computing these elastic constants, the 
contributions from the translational-rotational coupling 
are taken into account. This TR coupling has played a 
significant role in explaining the anomalous behaviour of 
the shear elastic constant (C44) of the mixed crystals 
below the temperature, T=100K and x = 0.30, 0.42 and 
0.47.The values of the second order elastic constants 
obtained from ETSM have been plotted as a function of 
temperature and concentration (x) as displayed in Fig.1. 
For all the concentrations (x=0.14 to 0.47), the values of 
C11 (Fig.1a) are decreasing with temperature, while on 
the contrary values of C12 (Fig.1b) are increasing with the 
increase of temperature and this feature is usual 
behaviour of the rocksalt structure materials. Also, there 
is no remarkable change in the values of C11 and C12 for 
different concentrations (x=0.14 to 0.47). The reason for 
this decrease of C11 for all the concentrations has been 
ascribed by Berret et.al. [26] to anharmonic three phonon 
interaction process. Though experimental observations 
are not available for these mixed crystals but a similar 
trend of variation is revealed from the experimentally 
observed data [26] for (NH4I)x(KI)1-x [15].However, the 

effects of the concentration (x=0.14 to 0.47) on the shear 
elastic constant(C44) are more pronounced (see Fig1c), 
but weak as compared to those obtained in cyanide halide 
mixed crystals [27]. This suggests that the magnitude of 
the quadrupole moment of deutero ammonium molecular 
ion (ND4

+) is small and the effect of TR-coupling is weak 
in (ND4I)x(KI)1-x. 

 
Fig. 1. SOEC C11 (a), C12 (b) and C44 (c) of (ND4I)x(KI)1-x for 0<x<0.47 
and 0< T < 300. wtr’ represents the curves without TR coupling term. 

 
At lower ammonium       concentration (x=0.14, 0.20), 

the values of C44 remain nearly constant in the 
temperature range 10K<T<300K. However, an 
anomalous softening of the shear elastic constant (C44) is 
noticed (Fig. 1c) to occur below 100K for higher 
concentrations (x = 0.30, 0.42 and 0.47). This anomaly 
can be attributed to the TR coupling [19, 22, 26] of the 

vdW 
coefficients 

Values TR-coupling 
Parameters Values 

ND4I KI 

ckk 101 65 AR (10-4dyn) -0.080 

ckk’ 337 255  
BR (10-4dyn) 

0.798 
 ck’k’ 1123 1090 

dkk 785 5.10 AQ (10-4dyn) 0.221 

dkk’ 244 144  
BQ (10-4dyn) -0.187 

dk'k' 76.0 754 

C 5101 2725   

D 2927 1189 

Concentr
ation Input data Model parameters 

x r0 
(Å) 

B 
 

b 
(1012e

rg) 


(Å) f (r) 

   0.14 3.590a 1.897 0.706        0.389          -0.0029 

   0.20 3.597a 1.926 0.678 0.387 -0.0030 

   0.30 3.604a 1.974 0.650 0.383 -0.0032 

   0.42 3.611a 2.031 0.607 0.379 -0.0034 

   0.47 3.616a 2.060 0.589 0.377 -0.0035 
(c)
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quadrupole moments of the ND4
+ ions with the shear 

modes [26]. It has been observed that the agreement 
improve quite significantly in all the cases of inclusion of 
TR coupling denoted by ‘x’.It is noticed in Fig.1c when 
we evaluate C44 with TR coupling, softening is observed 
at lower temperatures, which is not found in the absence 
of TR coupling term. Hence it may be concluded that the 
softening can be seen only by incorporating the TR 
coupling in the formulation of TSM. This implies that  

 

Fig. 2. TOEC of (ND4I)x(KI)1-x for 0<x<0.47 and 0< T < 300. 

ETSM formalism properly incorporates the TR coupling 
effects in (ND4I)x(KI)1-x. Values of C11, C12 and C44 for 
which the comparison could not be made due to the lack 
of experimental data shall work as a guide to the 
experimental workers in future. it is interesting to note 
that the anomalous softening occurring in C44 below the 
intermediate temperature range is similar to the observed 
variations in mixed crystals (NH4I)x(KI)1-x of the same 
class[26].In case of (NH4I)x(KI)1-x softening occurs 
below 150K whereas it is 100K for (ND4I)x(KI)1-x. 

We have also computed third order elastic constants 
(TOECs) of orientationally disordered (ND4I)x(KI)1-x 
mixed crystals, using their expressions from [28] and 
shown in Fig. 2. These higher order elastic constants are 
of fundamental interest in the study of nonlinear 
properties of solids which arise due to the anharmonicity 
of the interatomic potential. The TOECs are the lowest 
order constants to describe the nonlinear effects. They 
provide useful information on the binding forces between 
the constituents of the crystal and are strongly related to 
other anharmonic properties, like thermal expansion, 
thermoelastic constants and thermal conductivity. The 
TOECs are also responsible for finite elasticity, where 
the elastic stress is nonlinear with elastic strain. 
However, these effects are not included in the ETSM 
framework. It is interesting to note from Fig. 2 that the 
values of C111, C123, C144 and C456 are showing 
considerable decrease with increasing temperature, 
exhibiting some kind of softening behaviour in the cases 
of C112 at x=0.20 and 0.30, and C166 at x=0.14. Effect of 
change in concentration (x) is less on C123, C144 and C456 
compared to other TOECs whereas it more pronounced 
on C111, C112 and C166. 

IV. Conclusion 
 The present ETSM has been applied, probably for the 

first time, to explore the elastic properties of the 
orientationally disordered deutero ammonium alkali 
iodide. It can be concluded on the basis of the above 
discussions that our theoretical results for elastic 
properties show the similar behaviour as experimentally 
observed for the orientationally disordered mixed crystals 
of same category and are reasonably good. This is not 
unexpected as the ETSM framework is capable to 
account for the effects of the Cauchy violations (elastic 
properties), the realistic interaction potential, the 
polarizibilities (dielectric properties) and the TR coupling 
effects for the present system of orientationally 
disordered mixed materials. A detailed description of the 
theoretical investigation of the second and third order 
elastic constants of the orientationally disordered deutero 
ammonium iodide mixed crystals has been presented in 
this paper. Here the results on elastic constants are of 
academic interest at present but they may serve as a 
guide to the experimental workers in future. 
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